In this work we consider spin-3/2 fields in Schwarzschild (A)dS black hole spacetimes. As this spacetime is different from the Ricci-flat cases, it is necessary to modify the covariant derivative to the supercovariant derivative in order to maintain the gauge symmetry, as noted in our earlier works, where this is done here by including terms related to the cosmological constant. Together with the eigenmodes for spin-3/2 fields on an n-sphere, we derive the master radial equations, which have effective potentials that in general include an explicitly imaginary part and energy dependence. We found that for the asymptotically AdS cases, the explicit imaginary dependence automatically disappears, because of the negative cosmological constant. We take this case as an example and obtain the quasi-normal modes by using the Horowitz-Hubeny method [6] .
I. INTRODUCTION
Obtaining the master equations for black hole perturbation theory by considering different fields in general dimensional spherically symmetric black hole backgrounds is a well studied research topic, except for the spin-3/2 fields, where only a limited literature exists. This paper is the third part of a systematic study of spin-3/2 fields in higher dimensional Schwarzschild [1] and Reissner-Nordström black hole spacetimes [2] , where we now seek to confirm the methods used for obtaining the radial equation for cases involving a cosmological constant, and to test how the behavior of the spin-3/2 field shall affect the quasi-normal modes (QNMs).
As in our previous works, we consider the Rarita-Schwinger equation [3] in the form which describes the behavior of a gravitino in supergravity theories [4, 5] :
where
is the totally antisymmetric product of Dirac gamma matrices, ∇ µ is the covariant derivative, and ψ ν is a spinor-vector field. The Rarita-Schwinger equation in this form is convenient for generalizing into higher dimensional cases, however, the spinorvector field ψ ν will in general not be gauge invariant under the transformation
where ϕ is a gauge spinor. To maintain the gauge invariance of Eq. (1.1) we have to replace the covariant derivative with a "supercovariant derivative" which we derived previously in the Reissner-Nordström case [2] , and which we shall derive for the (A)dS spacetimes here.
This becomes the essential difference for the study of spin-3/2 fields when compared with the study of the other spin fields in higher dimensional spherically symmetric spacetimes.
In this paper, we shall therefore generalize our previous works by including the cosmological constant in the Einstein field equations, which indicates that the black hole will not be located in an asymptotically flat spacetime but an (A)dS one. The master radial equations, and their effective potentials, shall be derived, where it is found that they shall have an explicit imaginary part, as well an energy dependence. As such, it shall be more convenient to choose the higher dimensional asymptotically AdS cases in pursuing our QNM analysis.
Note that in this case the effective potentials behave like a confining box, which is a general expectation for perturbing fields in an asymptotically AdS background. This allows us to use the Horowitz-Hubeny method [6] with Dirichlet boundary conditions to study the QNMs.
Recall that the black hole QNMs originally represented the cosmological black hole's ringing, but in the asymptotically AdS cases this may be slightly different, as is suggested by the AdS/CFT correspondence [6] [7] [8] . Note that some works have given a more precise comment on the QNMs under such an equivalence, by relating them to the poles of retarded
Green's functions of gauge invariant operators in supersymmetric Yang-Mills theory [9] .
Furthermore, many works on QNMs in asymptotically AdS cases have been done with bosonic perturbations [10] [11] [12] [13] [14] , Dirac perturbations [15, 16] , and large overtone spin-3/2 perturbations [17] . Our works have attempted to fill the gap in this literature, by developing formulae for spin-3/2 perturbations.
As such, we have structured this paper as follows: In the next section we define the "supercovariant derivative" for the Rarita-Schwinger equation, Eq. (1.1), corresponding to the Schwarzschild-(A)dS background. In sec. III we obtain the master radial equations both for the "non-Transverse and Traceless" (non-TT), and "Transverse and Traceless" (TT) modes [1, 2]. We will then present some discussion about the properties of the effective potentials in sec. IV, and in sec. V present the modified Horowitz-Hubeny method to fit the equations under investigation here, obtaining the spin-3/2 QNMs for the asymptotically AdS black hole background. Finally in sec. VI, we present our conclusions and some related future directions for this work.
II. SUPER COVARIANT DERIVATIVE
In order to maintain gauge invariance of the spinor-vector field Ψ ν in the Rarita-Schwinger equation, we have to rewrite the derivative in terms of a supercovariant derivative, which incorporates the gauge transformation, Eq. (1.2), into Eq. (1.1). The condition shall therefore
where D µ = ∇ µ + a √ Λγ µ , and a is a yet to be determined factor, which we are required to solve to satisfy Eq. (2.3). Together with the relation
where G α µ is the Einstein tensor. Together with the source free Einstein field equations, we found that if 
It is worth recalling that the supercovariant derivative from our previous work, Ref. 
III. EQUATIONS OF MOTION AND MASTER RADIAL EQUATIONS
To obtain the master radial equations we begin by defining the line element that we will use. In this case it is given as
where A. Radial equations with non-TT eigenmodes
We proceed by taking the spin-3/2 fields in the form ψ t = φ t ⊗ψ (λ) and ψ r = φ r ⊗ψ (λ) . 9) whereψ (λ) is an eigenspinor on S N , with eigenvalues iλ, and φ t , φ r , φ
θ and φ (2) θ are functions of r and t only, and behave as 2-spinors. The eigenvaluesλ are given byλ = j + (D − 3)/2, where j = 3/2, 5/2, 7/2, ... [1] . We use the Weyl gauge, that is φ t = 0, in which case out of the four equations of motion, only three are independent. After simplifying, they can be written as:
However, the variables φ r , φ
(1) θ and φ
are not gauge invariant functions. As such, and as we have done previously, we will need to construct gauge invariant variables. From the gauge transformation in Eq. (1.2),
Hence, a gauge invariant variable can be defined as
We now use this gauge invariant variable in Eq. (3.10), and simplify to obtain the following equation of motion for Φ,
If we take
then we can rewrite the above equations as
By using a further transformation Ψ = K(r) Ψ, we can remove the A term provided K(r)
We are then left with an equation of the form
Finally, we can separate the spinor Ψ into its components by making the choice
where the φ 1,2 are functions of the radial coordinate only, and
Note that a similar transformation was introduced for obtaining the radial equation of a massive Dirac particle in a 4-dimensional Schwarzschild black hole spacetime [19] . Substituting the expression in Eq. (3.18) into Eq. (3.17) and simplifying, we get
which can be expanded to give
Note that ∂ r * = F∂ r is the tortoise coordinate and
After decoupling Eqs. (3.21), we obtain 23) where the effective potential is
There is a notable difference here for the effective potential from previous cases studied in Refs. [1, 2] , in that the potential has an imaginary component, and a dependence on the QNM ω. Note that in Refs. [1, 2] the potential relied only on the radial coordinate.
The presence of the ω does mean that the potential function, in its current form, is not guaranteed to be a real valued function. The function becomes real by taking the limit Λ → 0 (removing the effect of the cosmological constant), in which the potential returns to the Schwarzschild effective potential case. To have a more complete understanding of the effective potential, including how it is affected by the cosmological constant, we will present some of its characteristics in sec. IV.
B. Radial equations for TT eigenmodes
For the TT related radial equation, we set ψ r and ψ t in the same manner as in Eq. (3.9), and the angular component changes to 25) whereψ θ i is the TT mode eigenspinor-vector, with eigenvalueζ = j + (D − 3)/2, with j = 3/2, 5/2, 7/2, ..., as described in Ref.
[1]. φ θ depends only on the radial coordinate r, and it behaves like a 2-spinor. We again use the Weyl gauge, where for the TT case this means φ t = 0, and φ r will automatically be zero to satisfy the equations of motion (as in our previous works, Refs. [1, 2]). The only non-zero equation of motion is
In this case the function φ θ is already gauge invariant, and we set
We then obtain the equation
Following a similar method as in the non-TT case, we takẽ
where ϕ 1,2 are functions of r only and
As a result, Eq. (3.28) can be rewritten into two coupled equations
Using the tortoise coordinate ∂r * = F∂ r , we obtain the TT radial equation 
IV. PROPERTIES OF THE EFFECTIVE POTENTIALS
The effective potential is the most important physical quantity when working in black , and ω = 10.
B. Schwarzschild Anti de Sitter cases
For the effective potential in Eqs. of this dependence, we are not able to deduce the exact behavior of the effective potential until we solve the QNM frequency ω. We can, nevertheless, still estimate the behavior of the potential, in particularly its asymptotic behavior, for some given value of ω, as in Fig. 2 .
Note that the parameter choice in these plots shall be Λ = −(D − 1)(D − 2)/2, which represents the "AdS radius" as one unit, with M set to 1 and then 10, and ω = 10, along with a variation of the dimension D for the non-TT effective potential.
In the AdS spacetimes the standard expectation is that the potential function will tend to infinity as r → ∞, and the fields will be reflected by this infinite potential. This is true for our cases when D ≥ 5, both for non-TT and TT modes. However, it is not true for the 4-dimensional case, which we shall analyze further in the next subsection. For the higher dimensional Schwarzschild Anti de Sitter cases, though, it is clearly the most suitable candidate for studying the QNMs, see sec. V, as we can use a well known method in obtaining the QNM frequencies without too much modification [6] . 
C. The 4-dimensional Schwarzschild Anti de Sitter case
In the 4-dimensional case the second term in the square parentheses of Eq. (3.22) vanishes (similarly in the 4-dimensional de Sitter case), and the effective potential becomes ω independent. Furthermore, we also have similar features to the higher dimensional Schwarzschild Anti de Sitter case, in that it becomes a purely real potential function. From these two points, the effective potential acquires the standard form of other previously studied fields in spherically symmetric black hole spacetimes (see, for example, Ref. [27] ). However, the usual infinite potential wall at infinity of the AdS black hole does not, in general, appear.
Instead the potential tends to some finite non-zero value when r → ∞. In Fig. 3 we show two sets of effective potentials with different parameter choices: In Fig. 3a we take the black hole mass as one, where the Λ = 0 case represents the flat Schwarzschild case. In Fig. 3b we take the AdS radius as one and plot different values of the mass. Both of these plots present an evolution from a barrier like potential to a step like potential, and the potential reaches an asymptotic finite non-zero value that becomes larger for larger values of |Λ| or M . From these two plots, we can also see that for small AdS black holes (Λ small or M small), the potential possesses a barrier shape near the event horizon, while for large black holes, this barrier disappears and the potential becomes step like.
V. QUASI-NORMAL MODES FOR ASYMPTOTICALLY ADS CASES
From our discussions in sec. IV on the effective potentials, we shall use the asymptotically AdS cases as an example for studying the QNMs using the Horowitz-Hubeny method [6] .
The Horowitz-Hubeny method works by taking a Taylor series expansion of the potential function around the event horizon, and then imposing a purely ingoing boundary condition near the event horizon, and Dirichlet boundary conditions on the field solutions at spatial infinity. However, the Taylor series expansion for our potential will include non-integer orders. As such, modifications are necessary for this method to be applied in the current situation.
A. The modified Horowitz-Hubeny method
To investigate the entire region r + < r < ∞, where r + is the event horizon, we map the space to a finite region by changing coordinates to x = 1/r. We begin by setting the purely ingoing boundary condition φ 2 ∼ Ξ(r) e −iωr * , and the radial equation, Eq. (3.23), becomes , where x + = 1/r + and f (r + ) = 0, the radial equation becomes
(5.37)
In order for Ξ(x) to satisfy the in-going boundary condition at the horizon, we must write it as
Note that half-integral powers k/2 are necessary, as we require non-integer terms in the Taylor expansion of u(x), where n/2 is the order of the expansion, and n shall be an even . That is, -th order expansion. As a remark, note that the notation shown in this subsection corresponds to the non-TT related cases only. However, for the TT related cases, just a replacement of F and V ef f by F and V ef f is needed.
B. Quasi-normal modes and some related difficulties
In the numerical calculation of the QNM frequencies in the currently considered cases, there were some intrinsic difficulties, primarily related to computing power. For the scalar perturbation case of Horowitz and Hubeny [6] , their method gave stable results to three significant figures with an expansion to around a hundred orders. These results were reproducible by us after several hours of computing time for one mode. Note that a large number of studies for bosonic perturbations [10] [11] [12] [13] [14] and Dirac perturbations [15, 16] using this method have been performed, and we suppose that these calculations were also working to a similar order of expansion. However, due to the complexity of our spin-3/2 effective potential, an expansion to a hundred orders in our current case would be much more difficult to achieve.
It is well known that bosonic perturbations in all types of spherically symmetric spacetimes are determined by the Regge-Wheeler equation [20] and the Zerilli equation [21] , which are not greatly different with regards to performing numerical calculations. For the other case of Dirac perturbations [27] , the super potential related to the effective potential shall be λ √ f /r, which is just the leading term of our coefficient B in Eq. (3.15), this is also true for our TT related cases. Together with our earlier discussions, as related to the ω dependence and the non-integer order required when doing the Taylor expansions, we are faced with a far more complicated and nested algorithm that would take a lot of computing time to converge to a reliable QNM frequency.
As such, we present the QNM frequencies from this Horowitz-Hubeny method with expansions up to the 14 th order. To achieve results to this order already required more and r + is apparent. This is consistent with the study of Horowitz and Hubeny [6] in which they found these linear relations between QNM frequencies and Hawking temperatures of large AdS black holes, as the temperature is proportional to r + for large AdS black hole cases. Note that for small black holes (r + = 1, 0.83 or x + = 1, 1.2), as indicated in Fig. 4 , the QNM frequencies do not conform to this relation. Lastly, from Tabs. I, II, and III, we can see that the values of the frequencies do not vary with the angular momentum parameter .
Hence, we expect the linear relation to hold also for large black holes in the = 1, 2 cases. Nevertheless, we have presented preliminary results for the QNMs in higher dimensional asymptotic AdS black hole cases, where it was still possible to observe a linear relationship between QNM frequencies and the corresponding Hawking temperatures of the large AdS black holes, as previously noted in scalar perturbation studies [6] .
To have an idea on the accuracy of the values of the QNM frequencies in our tables, we present in Fig. 5 a plot for the convergence of the QNMs up to 20 th order in the expansion of a mode of the TT related potential. As we mentioned earlier, the TT related effective more accurate values of the QNM frequencies, as well as those of higher overtone QNMs, the expansion in the Horowitz-Hubeny method would need to be taken to much higher orders.
As noted earlier, the computer power and time required to do this is not feasible, and as such a new numerical method, for example the "asymptotic iteration method" [28] , would be required to evaluate the QNM frequencies in these cases to a more desirable accuracy.
However, as noted for the dS and 4-dimensional cases, such numerical methods require a more dedicated and detailed investigation beyond the scope of this current study.
